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In open quantum systems, entanglement can vanish faster than coherence. This phenomenon 
is usually called sudden death of entanglement. In this paper sudden death of entanglement is 
discussed from a geometrical point of view, in the context of two qubits. A classification of possible 
scenarios is presented, with important known examples classified. Sugestions of theoretical and 
experimental examples are given as well as large dimensional and multipartite versions of the effect 
are briefly discussed. 
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Coherence is a central theme in quantum physics. In Feynman's words on quantum theory [l[, it is the only 
mystery. A good definition of coherence depends on two things 0: the state of the system, p, and the alternatives 
under consideration, usually attached to different eigenvalues of an observable A. Whenever p is written in a basis, the 
non-diagonal elements of p are called coherences (with respect to that basis) since they can originate the oscillating 
patterns which characterize interference. Curiously, measurements of A can not show the effects of such coherences. 
The mean value of A is simply the wheighted sum of its proper values. However, observables which do not commute 
with A can reveal them. Naturally, when p is diagonalized, there is no relevant coherence with respect to that basis. 
£Nl . A state which is diagonal in whatever basis can show no coherence at all. In finite dimensions this is the case of the 
t-H ' totally mixed state, pi = / denoting the identity operator and d the dimension of the state space. In this sense, 
C*~) , pi can also be called the incoherent state. 

Quantum systems are not isolated. They naturally interact with their environment. When such interaction is 
taken into account, a decoherence process usually appears [[J. In this context, decoherence can be understood as the 
vanishing of the non-diagonal terms of the density matrix p, which usually occurs as an exponential decay with a 
timescale T2 much smaller then the usual damping time T\. Decoherence is even seen as the bridge from quantum 
mechanics to the classical world, in washing out the interference terms, 
y ' In the last decades, a special consequence of "the only mystery" has gained central status in quantum mechanics: 
entanglement. A good definition of entanglement also depends on two things 0: the state of the system and a division 
of such system in meaningfull parties The most paradigmatic context is the bipartite scenario, when the parts 
q-( are attached to remote experimentalists, Alice and Bob. The state space then takes the form of a tensor product 
r* ■ H = Ha <8> Hb- Observables A® I and I ® B are local. States of the form Pa® Pb show no correlation at all, in the 
sense that local observables are statistically independent. States of the form 
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p =y^PiPAi® pBi, (1) 
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where pi is a probability distribution, are called classically correlated or separable Q . The results of measurements 
of local observables on separable states can be strongly correlated. A good example, in spin notation, is the state 
Ps = h (ITT) (TTl + III) (III)- The measurements of the z-component of spin in both parts are perfectly correlated. 
But this correlation is classical. A bipartite state is entangled if it can not be written as Eq. (fTJ. 

Recently, interesting effects were recognized in the open system treatment of entangled-state dynamics. In partic- 
ular, if two qubits are subjected to very natural reservoirs, their entanglement can vanish in finite time, even when 
coherence only vanishes asymptotically @, H, @j EH EH El, EH ■ This effect was latter called Sudden Death of Entan- 
gleme nt Il4| . It is conjectured to be a quite generic result. A proposal for its experimental detection was already 
made [15| and implemented [la] . However, it is yet considered as a surprising effect, waiting for a simple geometric 
explanation \vj\ . 

In this article we give such a geometric interpretation to the sudden death of entanglement. This interpretation 
allows for the explanation of the necessary and sufficient conditions for it to happen. For simplicity, we concentrate in 
the two qubit scenario, despite the fact that large dimensions and large number of parties can bring new interesting 
developements fl8j . 
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II. TWO QUBITS 



Entanglement can be viewed as a consequence of non-local coherence. In fact, a state like |$ + ) = i {|TT} + III}} 
exhibits coherence with respect to the nonlocal obervable S z ab = S z a + S z b ■ This example is very illustrative, 
since its entanglement can vanish in a finite time or only asymptotically, depending on the reservoir it is subjected to. 
For a sudden death situation, one can use independent spontaneous decay with positive temperature while an 
asymptotic regime is obtained for a dephasing noise or for independent spontaneous decay at null temperature 

a 

In this work, the separation between Alice and Bob is fixed (in the sense that we only use the canonical tensor 
product structure Q), and coherence will be studied with respect to the usual computational basis. For convenience, 
we will adopt a notation similar to Ref. [10j], by using as a basis 



The global density matrix takes the form 
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and the local (reduced) density matrices are 
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The first important geometric aspect appears here. Our problem starts on a manifold of (real) dimension 15 given 
by the positive operators in C 4 with unit trace. If we want system A not to show any coherence with respect to the 
computational basis, we need to have 



P13 + P24 = 0, 

while if we want to see no coherence for the computational basis of system B we must obey 

P12 + P34 = 0. 



(4a) 



(4b) 



As each of these equations are complex, they represent a system of two real equations each. Accordingly, each set of 
states incoherent with respect to local S z is a subset of dimension 13. If we want both local coherences to vanish then 
we get an even smaller subset, of dimension 11. 

From now on, we will adopt the strategy of focus on the so called X states (due to the appearance of their density 
matrices, see Eq. ((5}) [l9[, defined by 



P12 = P13 = P24 = P34 = 0. 



(4c) 



This set has real dimension 7. For any natural volume measure, all those sets of local incoherent states have zero 
measure (like a line in M 3 ). On the opposite direction, the set of unentangled states is known to have positive measure 
(in particular, the same dimensionality as the ambient) (2p| . In a sense (e.g. by random choices) it is much more 
probable to pick an unentangled state than a locally incoherent state. 

Explicitly reparameterizing the set, we consider density matrices of the form 



(5) 



which shows no local coherence with respect to the computational basis. Despite being "small" in the mathematical 
sense described above, this set contains some important subsets like the states which can be written as a mixture 
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FIG. 1: Schematic pictures of different possible time evolutions with one asymptotic state. In each situation, the outer (green) 
curve is the boundary of the set of density matrices, the inner (red) curve is the boundary of the set of separable states and the 
other (grey) curves represent possible time evolutions, all approaching the same asymptotic state. In situation i) the asymptotic 
state is separable, and entanglement sudden death is the rule; in situation ii) it is still separable, but at the boundary of S: 
both alternatives can coexist, sudden or asymptotic death of entanglement; in situation iii) the equilibrium state is entangled, 
and the dynamical possibilities include creation of entanglement. 

of Bell states (under the conditions a = d, b = c, and w, z G R), and Werner states [f| (a = d, b = c, w — 0, and 

Let us discuss a little bit more the notions of non-local coherence and separability inside this set. The block 
structure of density matrices of the form (|5|) (more evident if the basis is re-ordered) strongly simplifies the use of 
Peres-Horodecki criterion [2l| to test for the existence of entanglement. It implies that p is entangled iff \w\ 2 > be or 
\z\ > ad. The positivity of p implies \w\ < ad and \z\ < be, hence only one of the above conditions can be fulfilled. 
By the same conditions, if one of the populations is null, say d = 0, then w = and for any non-null value of z the 
state is entangled. This is a possible strategy to obtain persistent entanglement fiol [ill ] . It is interesting to note that 
the elements z and w are non-local coherences, in the sense that they appear in the mean values of obervables like 
S x (g> S y or | i> + ) ($+ 1 . Sudden death of entanglement can then be characterized as the finite time disentanglement 
of a state, even when non-local coherences are still present, and usually decay exponentially. 

III. OPEN SYSTEM DYNAMICS 

Now let us treat the two qubits as an open system. There is a large collection of natural reservoirs that can be 
considered (and an even larger one that can be engineered), but let us just divide them into classes. The first question 
is if they have a single asymptotic state (in the sense that all initial states tend asymptotically to the same point) or 
not. A good example of the first case is spontaneous decay, while a dephasing noise is an example of the second. 

A. A single asymptotic state 

If the system is subjected to a reservoir with only one asymptotic state, three very diferent situations can happen 
(see Fig. Q]): i) the asymptotic state can be an internal point of the separable states set (e.g. for random noise or finite 
temperature thermal reservoirs for independent qubits); ii) the asymptotic state can be separable but at the boundary 
of such set (e.g. zero temperature spontaneous decay of two independent qubits); or iii) the asymptotic state can 
be entangled (e.g. low temperature reservoirs for some interacting two-qubit Hamiltonians or collective decay of two 
otherwise independent qubits). 

In situation i), sudden death of entanglement is the rule: after a finite amount of time, all initial states will evolve 
to separable states, by the very definition of an asymptotic interior point and the continuity of time evolution. The 
reader must appreciate the importance of the reservoirs with this characteristic (one "deep separable" asymptotic 
state) in turning entanglement a generally fragile property of quantum states. The other two situations are richer 
and deserve more comments. 

In situation ii), any neighbourhood of the limit point contains both, entangled and separable states. This is the 
natural arena for the curious dynamics when some initial states exhibit sudden death of entanglement, while others 
do not. It is worth noting that usually entanglement discussions are made modulo local unitary operations, since they 
alone cannot affect the entanglement of the state. However, together with a reservoir which is not invariant under such 
local unitarities, they can affect the time evolution of entanglement, including the dramatic change from asymptotic 
separation to finite time disentanglement, and vice- versa! This is well described by the example of states given by 
Eq. ([5l) subjected to independent spontaneous decay at zero temperature. If the ground state is |4), then states with 
| to | > ad and inverted population a > d show sudden death of entanglement, while for a < d the separability is only 
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FIG. 2: Possible situations for multiple asymptotic states. The central (magenta) line represents the set ii of asymptotic states. 
Situations i) to iii) are analogous to the previous case. Situation iv) occurs for ii containing both, separable and entangled 
states. Despite its formal difference, its qualitative behaviour is very similar to situation ii) of the firts case. 



asymptotic [15j . For this family of states, population inversion is necessary for sudden death to occur. However, this 
property can be changed by local unitarities (e.g. ||) i— > |J.), J.) i— > — |f)). 

Situation iii) is not so rare as it can first appear. A generic Hamiltonian for a two-qubit system has entangled 
ground state [27[. Consequently, null temperature spontaneous decay of interacting qubits is a good example. In 
such a situation, the asymptotic behaviour shows entanglement, since all states in small neighbourhoods of entangled 
states are also entangled [281 ] . In this dynamics, after a finite time, any initial state will show entanglement. One 
could even describe it as a "sudden birth of entanglement" . 

Up to now, we focused on the long time behaviour. Transient evolution can show interesting phenomenology, also. 
Sudden death of entanglement can be followed by its "sudden resurrection" as in Refs. @, [Hj]. The situation resembles 
that of different entangled phases on thermal equilibrium states 0, [24| , and one can even ask whether there are limits 
in the "number of lifes" that entanglement can have, here represented by the number of times that the state trajectory 
crosses the boundary between entangled and separable states. 

B. More than one asymptotic state 

Without extra assumptions, open systems which do not have a unique asymptotic state can be of many types. 
Time evolving noise is a good example. If we agree on considering only "static reservoirs," then the preservation of 
convex combinations implies that if there is more than one asymptotic point, all the convex combinations of them are 
also asymptotic points. This case is well exemplified by phase reservoirs (i.e. dephasing noise), when populations are 
fixed (in the basis defined by the reservoir) and (usually) coherences drop exponentially. 

Geometrically, the situation now is only a little trickier (see Fig. Let us call R the set of asymptotic states, 
S the set of separable ones, S° its interior, and E the set of entangled states. Sets R and S are convex and closed. 
Their relative position is essential here. If R C 5° we have the generalization of the situation i) of the previous 
case. Again sudden death is the rule in this situation, with some preceding entanglement revivals allowed. Another 
imediate generalization happens if R C S 1 , but R (jL S°, i.e. when there are asymptotic points in the boundary of the 
separable set. Here sudden death and persistent entanglement can, in principle, coexist, depending on the specific 
route each initial state takes and whether its asymptotic state be at the boundary dS [29|. One natural example of 
this geometric configuration is given by two non- interacting qubits subjected to independent dephasing noise In 
this example, R is given by a tetrahedron with the base states ^fy on the vertexes, i.e. states of the form ([5]) with 
w = z — 0. All the faces of this tetrahedron are at the boundary of S, dS. Those faces are characterized by one 
null eigenvalue, say d. This face can be aproximated by states with z approaching zero, which are non-separable 
(analogous phenomena happen to the other faces). The more interesting geometric aspect happens with the points we 
would like to call the interior of the tetrahedron (those with only non- null populations). All these points are interior 
to S, and the dephasing noise allows them to be approached without touching the faces of the tetrahedron (like one 
can touch a point in the interior of a triangle in a piece of paper without crossing its edges). For this example, sudden 
death is the rule for general inial states, while asymptotic disentanglement is allowed for states which tend to the 
faces (or some edges) of the set R. 

The generalization of situation iii) of the previous case, corresponding to the new situation iii) when R C E, is also 
geometrically possible, but the non-convexity of E makes it harder to find dynamically. If one takes two different 
entangled states, there is no guarantee that their convex combinations remain entangled. The most famous example 
is for a pair of Bell states: any equal mixture of two Bell states is separable [3(|. Another important restriction is that 
R can not contain a whole set of projectors for any two-dimensional subspace of H = C 4 [31]. With respect 

to the dynamics of entanglement, this situation behaves in a way analogous to the single entangled asymptotic point: 
after a finite amount of time, only entangled states can be found. To obtain Krauss operators for a reservoir like this 
is yet an open problem. 
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The remaining possibility happens when R contains both separable and entangled states. For this situation, all the 
behaviours previously discussed are, in principle, possible. Let us just discuss one general and interesting example of 
this class: two non-interacting identical qubits subjected to collective phase noise. In this situation, the asymptotic 
states are of the form (J5J) with w = 0. This is a five dimensional manifold (remember z is complex and Trp = 1) 
containing both separable and entangled states. In this example, initial states like 



exhibit asymptotic decay of entanglement, while 
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with \w\ > be > show sudden death; on the other hand, initially separable states remain separable for all times, 
while entangled states like 
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remain fixed as a consequence of the existence of a decoherence free subspace [26 



IV. CONCLUDING REMARKS 



To conclude, we affirm that the curious effect of sudden death of entanglement is an example of a large class of 
interesting behaviours which open quantum system can show. It also brings together a rich geometrical flavour. 
This geometrical reasoning makes simpler the decision of when entanglement should be destroyed in finite time, 
when it can even be created by damping, and when qualitatively different time evolutions can coexist in the same 
system. A natural question which appears from this work is how to give examples, in theory and in laboratory, 
for each different possible geometrical situation. Another is about the existence of a maximum number of possible 
"entanglement resurrections" under some natural restrictions on the reservoirs. Generalizations are also in order: 
large dimensional bipartite systems can exhibit new features with respect to sudden death of entanglement and its 
geometry. For example, has bound entanglement any special behaviour with respect to sudden death? Another 
natural generalization deals with multipartite entanglement. It is clear from the geometrical picture that the effect 
can take place in such context, but as now different kinds of entanglement appear, the classification scheme becomes 
much trickier. 
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their suggestions, as well as comments from Dr. Karol Zyczkowski and Raphael Drumond. Financial support from 
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Since a generic pure state of a composed system is entangled. 

Mathematically, the set of entangled states E is open in the topology induced by the set of all states D. 

Remember that the system has a large set of asymptotic states R, but as the dynamic is defined, each initial condition 

tends to one specific asymptotic state p £ R. 

Just apply Peres-Horodecki criterion. 

The set of separable states corresponds to the Segre embeding CP 1 x CP 1 — > CP 3 , a quadric complex surface, while each 
two-dimensional subspace of C 4 corresponds to a projective line CP 1 C CP 3 . This two sets must intersect, by the Bezout 
Theorem [H. 



